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Ž .In this paper, we study the second order forced Lienard equation x  f x x´
Ž . Ž .g x  e t . We obtain the existence of periodic solutions under some subquadratic
conditions.  2001 Academic Press
Key Words: Lienard equation; periodic solution; continuation lemma.´
1. INTRODUCTION
In this paper, we deal with the existence of periodic solutions for a
second order nonlinear equation
x  f x x g x  e t , 1.1Ž . Ž . Ž . Ž .
Ž .where f , g, e:  are continuous functions, and e t is T-periodic.
T Ž .Throughout this paper, we always assume that H e t dt 0 and then0
Ž . t Ž .E t  H e t dt is continuous and T-periodic.0
Arising from problems in applied sciences, the study of the periodic
Ž .problem of Eq. 1.1 has been a central subject in the qualitative theory of
 ordinary differential equations since the twenties. In 1 , Lefschetz proved
Ž .the first existence theorem for Eq. 1.1 under some dissipativity condi-
tions. From then on, this kind of study was systematically developed by
Ž  .many authors 24 and references therein .
In the study of this problem, we notice that, taking the mean value of
Ž .  Eq. 1.1 on 0, T , we get the following necessary condition for the
existence of periodic solutions:
1 T
0 e t dt g x  x . 4Ž . Ž .HT 0
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then, throughout the article, we assume that there exists a constant d 0
such that
 g g x sgn x  0, x 	 d 0.Ž . Ž . Ž .0
Ž .However, it is easy to see that condition g is not sufficient to ensure the0
Ž .existence of periodic solutions of Eq. 1.1 without some supplementary
conditions.
 In 5 , Mawhin proved the existence of periodic solutions by assuming,
Ž . Ž .besides g , that g x still satisfies the sublinear condition0
g xŽ .
g lim  0 f arbitrary .Ž . Ž .1 x x
 From then on, there have appeared many improved works 612 . Mawhin
  Ž . Ž .and Ward 6 successively generalized the condition g to g1 2
2g x Ž .
g lim sup  f arbitrary .Ž . Ž .2 ž /x Tx
  Ž .Omari et al. 10 studied the existence of periodic solutions of Eq. 1.1
in the other direction. Assuming that one-sided conditions
xG xŽ .
G lim  0, G x  g s dsŽ . Ž . Ž .H0 2xx 0
and
F xŽ .
F lim  0Ž .1 xx
Ž .hold, they obtained that Eq. 1.1 possesses at least one T-periodic solu-
 tion. For other related results, one can see papers 1318 .
In the present paper, we study the existence of T-periodic solutions for
Ž . Ž . Ž . Ž .Eq. 1.1 by assuming some one-sided conditions on G x , F x , or f x .
By combining phase-plane analysis methods with a continuation theorem
based on coincidence degree, we obtain some results which appear new as
 well as improve some known ones. By developing some ideas in 10 , we
obtain the following theorems.
Ž . Ž . Ž .THEOREM 1. Assume that conditions g , F hold and G x satisfies0 1
condition
22G x Ž .
lim inf  .2 ž /Txx
Ž .Then Eq. 1.1 has at least one T-periodic solution.
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Ž . Ž .THEOREM 2. Assume that conditions g , G hold and there exists a0 0
positie constant k such that
 f x 
 k , x d , .Ž . Ž .
Ž .Then Eq. 1.1 has at least one T-periodic solution.
Ž . Ž .THEOREM 3. Assume that conditions g , G hold and there exists a0 0
constant c such that
F xŽ .
F lim  c.Ž .2 xx
Ž .Then Eq. 1.1 has at least one T-periodic solution.
2. CONTINUATION LEMMA
It is well known that the continuation lemma plays an important role in
Ž .studying the existence of periodic solutions of Eq. 1.1 . At first, we
introduce the continuation lemma. In order to use the phase plane analysis
Ž .methods, we write Eq. 1.1 in an equivalent system in the Lienard plane´
t
x y F x  E t , yg x , E t  e t dt . 2.1Ž . Ž . Ž . Ž . Ž . Ž .H
0
  Ž .CONTINUATION LEMMA 10 . Assume that condition g holds and0
Ž Ž . Ž ..suppose that there exists a constant M 0 such that if x t , y t is a 
T-periodic solution of
x  y F x  E t , yg x 2.2Ž . Ž . Ž . Ž .Ž .
Ž for some  0, 1 , then
max x t M .Ž .
Ž .Then system 2.1 has at least one T-periodic solution.
3. THE PROOF OF THEOREM 1
Proof. We proceed in four steps to prove this theorem.
Ž . Ž Ž . Ž .. Ž .1 At first, let x t , y t be a T-periodic solution of 2.2 for some
Ž  Ž .   Ž . Ž . 0, 1 , and let t t x,   0, T be defined by x t max x t .
Ž .From yg x we have˙
T
g x t dt 0,Ž .Ž .H
0
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Ž .  ˜which, together with g , yields that there exists some t 0, T such that0
Ž . Ž .˜x t  d. If x t 
 d, then the condition of the continuation lemma is
Ž .  satisfied for any M d. If x t  d, then there is an interval  , 
Ž . Ž .containing t, with   x,  ,   x,  , and   T , such that
 x   x   d , x t  d for t  , Ž . Ž . Ž .
and
 x t  0, y t  0, for t  ,  .Ž . Ž .
TŽ .2 Now, without loss of generality, we assume that t 
 ;2
T  otherwise,  t
 and then we can replace interval  , t with2
  Ž .t,  throughout the proof. From 2.2 we have that
y t  F x t  E t y t  x t g x t  0. 3.1Ž . Ž . Ž . Ž . Ž . Ž . Ž .Ž . Ž .Ž .
Ž .  Integrating both sides of 3.1 on interval t, t with 
 t
 t, we have
that
y2 t  y2 t  2 G x t G x tŽ . Ž . Ž . Ž .Ž . Ž .Ž .
t t
 2 E s y s ds 2 F x s y s ds. 3.2Ž . Ž . Ž . Ž . Ž .Ž .H H
t t
However,
t t t
   E s y s ds 
 E s y s ds
 E y s dsŽ . Ž . Ž . Ž . Ž .H H H
t t t
t
        E  y s ds
 E y t  y t 3.3Ž . Ž . Ž . Ž .Ž .H 
t
and
t t t
   F x s y s ds 
 F x s y s ds
 F x y s dsŽ . Ž . Ž . Ž . Ž . Ž .Ž . Ž .H H H
t t t
     
 F x y t  y t 3.4Ž . Ž . Ž . Ž .Ž .
 Ž .    Ž .  4     Ž . with F x max F x  d
 x
 x and E max E t  0
 t
 
4T .
Ž . Ž . Ž Ž .. Ž .From x t  0 we have that y t  F x t  E t . Furthermore,
we know that
         y t 
 F x t  E t 
 F x  E . 3.5Ž . Ž . Ž . Ž . Ž .Ž .  
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Ž . Ž . Ž . Ž .It follows from 3.2 , 3.3 , 3.4 , and 3.5 that
22    y t 
 2 G x t G x t  3 F x  EŽ . Ž . Ž . Ž .Ž . Ž . Ž .Ž .  
      2 F x  E y t .Ž . Ž .Ž . 
Therefore,
2     y t  F x  EŽ . Ž .Ž . 
2   
 2 G x t G x t  4 F x  E .Ž . Ž . Ž .Ž . Ž . Ž .Ž .  
 Ž .  Ž  Ž .    .If y t 	 F x  E , then 
   y t 
 F x  EŽ . Ž .Ž . 
2   ' 2 G x t G x t  4 F x  E .Ž . Ž . Ž .Ž . Ž . Ž .Ž .  
 Ž .  Ž  Ž .    .If y t 
 F x  E , then 
   y t 
 F x  EŽ . Ž .Ž . 
   
 F x  EŽ .Ž . 
2   ' 2 G x t G x t  4 F x  E .Ž . Ž . Ž .Ž . Ž . Ž .Ž .  
Furthermore, we have that
   y t 
 F x  EŽ . Ž .Ž . 
2   ' 2 G x t G x t  4 F x  EŽ . Ž . Ž .Ž . Ž . Ž .Ž .  
    '
 3 F x  E  2 G x t G x t .Ž . Ž . Ž .Ž . Ž . Ž .Ž . 
Ž . Ž Ž . Ž Ž .. Ž .. Ž . Ž .Since x t   y t  F x t  E t , we have that y t  x t 
Ž Ž .. Ž .F x t  E t . Then
   x t 
 E t  F x t  3 F x  EŽ . Ž . Ž . Ž .Ž . Ž . 
' 2 G x t G x t .Ž . Ž .Ž . Ž .Ž .
Hence,
    'x t 
 4 F x  E  2 G x t G x t . 3.6Ž . Ž . Ž . Ž . Ž .Ž . Ž . Ž .Ž . 
Ž .It follows from condition F that for each 	 0, there is c  0 such1 	
that
 F x 
 	 x c , for every x	 d. 3.7Ž . Ž .	
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Ž . Ž .From 3.6 and 3.7 we have that
  'x t 
 4 E  c  4	 x t  2 G x t G x t .Ž . Ž . Ž . Ž .Ž . Ž .Ž .Ž . 	
Therefore,
x tŽ .

 1.
  '4 E  c  4	 x t  2 G x t G x tŽ . Ž . Ž .Ž . Ž .Ž .Ž . 	
 Integrating both sides of the above inequalities on interval  , t yields
dxŽ .x t 
 t  .H
 d '4 E  c  4	 x t  2 G x t G xŽ . Ž . Ž .Ž .Ž .Ž . 	
3.8Ž .
Ž . Ž Ž . 2 . Ž .23 Set 
 lim inf 2G x x  T . Then there exists ax
Ž .2constant 	  0 such that for 0
 	
 	 , 
  
 	 T . From0 0 	
 19 we know that, for any sufficiently small 0 	
 	 , there is a0
 4sequence x such that lim x  andn n n
2 G x G x 
 
 x 2  x 2 , x 0, x . 3.9Ž . Ž . Ž . Ž .Ž . Ž .n 	 n n
We claim that the condition of the continuation lemma holds with
M x for n sufficiently large.n
Ž Ž . Ž .. Ž .Let x t , y t be any T-periodic solution of 2.2 and suppose that
max x t  x t  x  d.Ž . Ž . n
Then we have that
x dxn

 t  .H
 d 4 E  c  4	 x  2 G x G x' Ž . Ž .Ž . Ž . 	 n n
Ž .From 3.9 we get that, for 0
 x
 x ,n
 4 E  c  4	 x  2 G x G x' Ž . Ž .Ž . Ž . 	 n n
2 2 
 4 E  c  4	 x  
 x  x . 3.10' Ž .Ž . Ž . 	 n 	 n
Then
x dxn

 t  .H 2 2 d 4 E  c  4	 x  
 x  x'Ž . Ž . 	 n 	 n
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It is easy to check that
dxd
lim  0. 3.11Ž .H 2 2n  0 4 E  c  4	 x  
 x  x'Ž . Ž . 	 n 	 n
On the other hand,
x dxnH 2 2 0 4 E  c  4	 x  
 x  x'Ž . Ž . 	 n 	 n
dt1
 .H 2 0 '4 E  c x  4	 
 1 tŽ .Ž . 	 n 	
Recalling lim x , we getn n
dt dt1 1
	H H2 2 0 0' '4 E  c x  4	 
 1 t 5	 
 1 tŽ . Ž .Ž . 	 n 	 	
3.12Ž .
for n large enough. Meanwhile, we get, by elementary computations,
dt dt  T1 1
lim    . 3.13Ž .H H 2 2 2'	0 2 
0 0 ''5	 
 1 t 
 1 tŽ . Ž .	
Therefore, there is 	 0 0 such that, for 0 	 	 0 
 	 , we get0
dt T1
 . 3.14Ž .H 2 20 '5	 
 1 tŽ .	
Ž . Ž . Ž .Furthermore, from 3.8 , 3.11  3.14 we obtain
T
t  ,
2
with n large enough. This is a contradiction.
Ž .4 Then, we have proved that for n sufficiently large, there is no
Ž .T-periodic solution of Eq. 2.2 such that
max x t  x .Ž . n
Ž .Consequently, from the continuation lemma we have that Eq. 2.1 has at
least one T-periodic solution.
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Ž . Ž .COROLLARY. Assume that conditions g , F hold and suppose that0 1
2g x Ž .
lim inf  l ž /x Tx
Ž .holds; if moreoer the function g x  lx is nondecreasing for x large enough,
Ž .then Eq. 1.1 has at least one T-periodic solution.
 From 12 we know that, in this case,
2G x g xŽ . Ž .
lim inf  lim inf ,2 xxx x
so that we are in the situation of Theorem 1.
 Remark 1. From a delicate example constructed in 19 we know that
condition
2g x Ž .
lim inf  ž /x Tx
Ž .is not enough to ensure the existence of periodic solutions of Eq. 1.1 .
  Ž .Remark 2. In 11 , Fernandes and Zanolin proved that Eq. 1.1 has at
Ž . Ž .least one T-periodic solution by assuming g , G and that there exists a0 1
positive constant D 0 such that
 F x 
D.Ž .
Obviously, Theorem 1 generalizes this result. Indeed, we can give an
example such that
F xŽ .
lim sup F x , lim  0. 3.15Ž . Ž .
xxx
32 2 2'Ž . Ž .Let f x  2 x cos x  12 x sin x . It is easy to check that
2'F x  x sin x .Ž .
Ž . Ž .Therefore, F x satisfies 3.15 .
4. THE PROOF OF THEOREM 2
Proof. We will proceed in three steps.
Ž . Ž .  41 lim sup F x . Take a sequence x such that x x n n
 as n and
F x 
 F x , d
 x
 x .Ž . Ž .n n
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We claim that the condition of the continuation lemma holds with
M x for n sufficiently large.n
Ž Ž . Ž ..Assume by contradiction that there is a T-periodic solution x t , y t of
Ž .Eq. 2.2 such that
max x t  x  d.Ž . n
Now, we go on with the notations introduced in the first part of the proof
Ž .  of Theorem 1. We consider x t on the interval  , t .
Define the potential-like function
21V t  y t  y G x t  2 Ay t ,Ž . Ž . Ž . Ž .Ž . Ž .2
Ž . Ž Ž .. Ž .  Ž . where y y t  F x t  E t and constant A	max E t . Then
we have
V  t   y t  y g x tŽ . Ž . Ž .Ž . Ž .Ž .
 g x t y t  F x t  E t  2Ag x tŽ . Ž . Ž . Ž . Ž .Ž . Ž . Ž .Ž .
  y F x t g x t   E t  2 A g x tŽ . Ž . Ž . Ž .Ž . Ž . Ž . Ž .Ž .
  F x t  F x t g x tŽ . Ž . Ž .Ž . Ž . Ž .Ž .
  E t  E t  2 A g x t .Ž . Ž . Ž .Ž . Ž .
Ž . Ž . Ž .  From the fact x t  x and d
 x t 
 x t , t  , t we know thatn
 F x t  F x t 	 0, g x t 	 0, t  , t . 4.1Ž . Ž . Ž . Ž .Ž . Ž . Ž .
On the other hand,
 E t  E t  2 A	 0, t  , t . 4.2Ž . Ž . Ž .
Ž . Ž .From 4.1 , 4.2 we get
 V  t 	 0 for t  , t .Ž .
Ž .  Then, V t is nondecreasing on interval  , t . Hence,
21 y t  y G x t  2 Ay t 
G x t  2 Ay t .Ž . Ž . Ž . Ž . Ž .Ž . Ž . Ž .2
This is
2y t  y 
 2 G x t G x t  4 A y t  y t .Ž . Ž . Ž . Ž . Ž .Ž . Ž . Ž . Ž .Ž .
Furthermore, we have that
2 2y t  y t  2 A 
 2 G x t G x t  4 A .Ž . Ž . Ž . Ž .Ž . Ž . Ž .Ž .
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Hence,
2'y t 
 y t  2 A 2 G x t G x t  4 A .Ž . Ž . Ž . Ž .Ž . Ž .Ž .
Ž . Ž . Ž Ž .. Ž .Since y t  x t  F x t  E t , we have
x t 
 4 A F x t  F x t  E t  E tŽ . Ž . Ž . Ž . Ž .Ž . Ž .
' 2 G x t G x tŽ . Ž .Ž . Ž .Ž .
'
 6 A F x t  F x t  2 G x t G x t .Ž . Ž . Ž . Ž .Ž . Ž . Ž . Ž .Ž .
4.3Ž .
 Ž . From condition f x 
 k we know that
F x t  F x t 
 k x t  x t . 4.4Ž . Ž . Ž . Ž . Ž .Ž . Ž . Ž .
Ž . Ž .It follows from 4.3 and 4.4 that
'x t 
 6 A k x t  x t  2 G x t G x t .Ž . Ž . Ž . Ž . Ž .Ž . Ž . Ž .Ž .
Therefore,
x tŽ .

 1. 4.5Ž .'6 A k x t  x t  2 G x t G x tŽ . Ž . Ž . Ž .Ž . Ž . Ž .Ž .
Ž .  Integrating both sides of 4.5 on interval  , t , we have that
x tŽ .t
dt
 t  .H
 '6 A k x t  x t  2 G x t G x tŽ . Ž . Ž . Ž .Ž . Ž . Ž .Ž .
Ž .Taking a transformation x x t , we get
dxŽ .x t 
 t  .H
d '6 A k x t  x  2 G x t G xŽ . Ž . Ž .Ž . Ž .Ž .
Obviously, we have
dxd
lim  0.H
Ž .x t  0 '6 A k x t  x  2 G x t G xŽ . Ž . Ž .Ž . Ž .Ž .
Then,
dxŽ .x t  0 1Ž .H
0 '6 A k x t  x  2 G x t G xŽ . Ž . Ž .Ž . Ž .Ž .

 t  .
LIENARD DIFFERENTIAL EQUATIONS´ 137
Ž .Taking another transformation u xx t , we obtain
du1H 20 '6 Ax t  k 1 u  2 G x t G ux t x tŽ . Ž . Ž . Ž . Ž .Ž . Ž .Ž .Ž .
 0 1 
 t  . 4.6Ž . Ž .
Ž . Ž .Taking place x t with x , from 4.6 we conclude that, for n largen
enough,
du1
 0 1 
 t  .Ž .H 20 '6 Ax  k 1 u  2G x xŽ . Ž .n n n
Ž Ž . 2 . Ž .Applying condition lim G x x  0, lim Ax  0, andn n n n n
1Ž Ž ..H du 1 u , we know that0
t  as n.
This is a contradiction.
Ž . Ž .  42 Suppose that lim inf F x . Take a sequence xx n
such that lim x  andn n
 F x 
 F x , x d , x .Ž . Ž .n n
Ž Ž . Ž .. Ž . Ž .Let x t , y t be a T-periodic solution of Eq. 2.2 such that max x t 
Ž .  x  d. We consider x t on interval t,  .n
Define another potential-like function
21W t  y t  y G x t  2 Ay t ,Ž . Ž . Ž . Ž .Ž . Ž .2
Ž . Ž Ž .. Ž .  Ž . where y y t  F x t  E t and constant A	max E t . Then
we have
W  t   y t  y g x tŽ . Ž . Ž .Ž . Ž .Ž .
 g x t y t  F x t  E t  2 Ag x tŽ . Ž . Ž . Ž . Ž .Ž . Ž . Ž .Ž .
  y F x t g x t   E t  2 A g x tŽ . Ž . Ž . Ž .Ž . Ž . Ž . Ž .Ž .
  F x t  F x t g x tŽ . Ž . Ž .Ž . Ž . Ž .Ž .
  E t  E t  2 A g x t .Ž . Ž . Ž .Ž . Ž .
Since
F x t  F x t  F x  F x t 
 0,Ž . Ž . Ž . Ž .Ž . Ž . Ž .n
 E t  E t  2 A
 0, t t, Ž . Ž .
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and
 g x t 	 0, t t,  ,Ž .Ž .
Ž . Ž .  we have that W  t 
 0 and W t is nonincreasing on the interval t,  .
Therefore,
21 y t  y G x t  2 Ay t 
G x t  2 Ay t ,Ž . Ž . Ž . Ž . Ž .Ž . Ž . Ž .2
 t t,  .
Then
2y t  y 
 2 G x t G x t  4 A y t  y t .Ž . Ž . Ž . Ž . Ž .Ž . Ž . Ž . Ž .Ž .
Furthermore, we get
2 2y y t  2 A 
 2 G x t G x t  4 A .Ž . Ž . Ž .Ž . Ž . Ž .Ž .
Ž . Ž . Ž .From y t g x and g x  0, for x	 d, we have that
 y t 
 0, t t,  .Ž .
Ž .  Then, y t is decreasing on interval t,  . Hence,
 y t 
 y, t t,  .Ž .
Ž .If y y t  2 A	 0, then
2'y y t  2 A
 2 G x t G x t  4 A .Ž . Ž . Ž .Ž . Ž .Ž .
Therefore, we obtain
2'y t 
y 2 A 2 G x t G x t  4 A .Ž . Ž . Ž .Ž . Ž .Ž .
Ž .If y y t  2 A
 0, then
y t 
y 2 A
y 2 AŽ .
2' 2 G x t G x t  4 A .Ž . Ž .Ž . Ž .Ž .
Ž . Ž . Ž Ž .. Ž .From y t  x t  F x t  E t we get
x tŽ .
  F x t  E t 
F x t  E t  2 AŽ . Ž . Ž . Ž .Ž . Ž .

2' 2 G x t G x t  4 A .Ž . Ž .Ž . Ž .Ž .
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This is
x tŽ .
 
 F x t  F x t  E t  E t  2 AŽ . Ž . Ž . Ž .Ž . Ž .

2' 2 G x t G x t  4 A .Ž . Ž .Ž . Ž .Ž .
Then, we have
'x t 
 F x t  F x t  6 A 2 G x t G x t .Ž . Ž . Ž . Ž . Ž .Ž . Ž . Ž . Ž .Ž .
 Ž . It follows from f x 
 k that
'x t 
 k x t  x t  6 A 2 G x t G x t .Ž . Ž . Ž . Ž . Ž .Ž . Ž . Ž .Ž .
Consequently, we get
x tŽ .
 
 1.'k x t  x t  6 A 2 G x t G x tŽ . Ž . Ž . Ž .Ž . Ž . Ž .Ž .
Integrating both sides of the above inequalities yields
dxŽ .x t 
  t.H
d 'k x t  x t  6 A 2 G x t G xŽ . Ž . Ž . Ž .Ž . Ž .Ž .
Ž .Using the same methods in step 1 , we obtain that  t. This is
a contradiction.
Ž . Ž . Ž .3 If  lim inf F x 
 lim sup F x , we getx x
the conclusion from Theorem 1.
Ž .Remark 3. From F we know that if c 0, then for any sufficiently2
small 	 0, there is x  0 such that	
F xŽ .
c 	
 
 c 	 , x	 x .	x
Ž . Ž .Therefore, if x t 	 x and x t 	 x , then we have	 	
c 	 x t 
 F x t 
 c 	 x t ,Ž . Ž . Ž . Ž . Ž .Ž .
c 	 x t 
 F x t 
 c 	 x t .Ž . Ž . Ž . Ž . Ž .Ž .
Furthermore,
F x t  F x t 
 c x t  x t  	 x t  x t .Ž . Ž . Ž . Ž . Ž . Ž .Ž . Ž . Ž . Ž .
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Then, we can use the same method in proving Theorem 2 to prove
Theorem 3. For c 0, we can consider similarly.
Ž .F xŽ .Remark 4. If f x  c, then lim  c. We can construct ax x
Ž .function f x such that
lim inf f x , lim sup f x . 4.7Ž . Ž . Ž .
x x
But,
F xŽ .
lim 4.8Ž .
xx
Ž . 2 Ž . 2exists. Indeed, let f x  c 2 x sin x . Obviously, F x  cx cos x .
Ž . Ž . Ž . Ž .Hence, f x satisfies 4.7 and F x satisfies 4.8 .
Finally, we point out that all the results of this paper can be stated
Ž .assuming that each hypothesis holds for x
 0 resp. x .
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